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Abstract

Based on classical but apparently little known results due to Razzaboni, the integrable nature of
Bertrand curves and their geodesic embedding in surfaces is discussed in the context of modern
soliton theory. The existence of parallel Razzaboni surfaces which constitute the surface analogues
of the classical offset Bertrand mates is recorded. It is shown that the natural geodesic coordinate
systems on Razzaboni surfaces and their mates are related by a reciprocal transformation. The
geodesic coordinate system on the Razzaboni transform generated by a Bäcklund transformation is
given explicitly in terms of Razzaboni’s pseudopotential obeying a compatible Frobenius system.
The Razzaboni transformation and the duality transformation which links a Razzaboni surface and
its mate are proven to commute. A canonical quantity introduced by Razzaboni is recognized as an
invariant of the Razzaboni and duality transformations. Finally, Razzaboni surfaces are shown to
be amenable to the Sym–Tafel formula.
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1. Introduction

It is by now well established that classical differential geometry constitutes a repository
of integrable classes of surfaces, i.e. classes of surfaces which are governed by integrable
nonlinear systems. Amongst those are surfaces of constant Gaußian or mean curvature,
isothermic and minimal surfaces, affine spheres and projective minimal surfaces. Thus,
distinguished geometers such as Bianchi, Calapso, Darboux, Demoulin, Guichard, Jonas,
Ribaucour and Weingarten investigated these classes in detail and, in particular, recorded
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associated Bäcklund transformations and linear representations (see[1], and references
therein). The natural coordinates on these surfaces are asymptotic, conjugate, conformal or
curvature coordinates.

Integrable surfaces on which geodesics and their orthogonal trajectories form canonical
coordinate systems seem to have attracted less attention by the geometers of the nineteenth
century. Such surfaces may be regarded as being swept out by integrable binormal motions
of inextensible curves. The most important surfaces of this kind are (Hasimoto) surfaces
which are generated by motions of a curve the local speed of which is proportional to the
local curvature of the curve. In 1906, Da Rios[2] was led to these particular motions in con-
nection with an investigation of thin isolated vortex filaments traveling without stretching
in an incompressible fluid. Remarkably, some 70 years later, Hasimoto[3] demonstrated
that the pair of coupled nonlinear equations set down by Da Rios may be combined to the
integrable nonlinear Schrödinger equation.

On use of a formulation with its origin in a kinematic study of hydrodynamics by Marris
and Passman[4], particular toroidal Hasimoto surfaces have recently been shown to form
nested constant pressure surfaces in steady hydrodynamics or, equivalently, magnetic sur-
faces in magnetohydrostatics[5,6]. In [7], the same formalism has led to the discovery of
integrable surfaces which are spanned by a one-parameter family of geodesics of constant
curvature or torsion. Thus, in terms of the equivalent notion of binormal motions of curves,
the case of constant curvature has been related to an integrable extension of the Dym equa-
tion which may be linked to the modified modified Korteweg-de Vries (m2KdV) equation
via a reciprocal transformation. A variant of the integrable reduced Maxwell–Bloch system
[8] which may be regarded as a generalization of the classical sine-Gordon and self-induced
transparency (SIT) equations[9] has been shown to govern the binormal motion of curves
of constant torsion.

Curves of constant curvature or torsion constitute particular Bertrand curves. Bertrand
curves are well-studied classical curves and may be defined by their property that any
Bertrand curve shares its principal normals with another Bertrand curve, sometimes referred
to as Bertrand mate[10]. Accordingly, Bertrand mates represent particular examples of
offset curves[11] which are used in computer-aided design (CAD) and computer-aided
manufacture (CAM). The distance between a Bertrand curve and its mate measured along
the principal normal is known to be constant. This particular offset property may be used
to show that any surface which is spanned by a one-parameter family of geodesic Bertrand
curves of the same ‘kind’ admits a parallel surface of the same type. Moreover, application
of the Wahlquist–Estabrook prolongation technique[12,13] to the underlying nonlinear
Gauß–Mainardi–Codazzi equations reveals that these surfaces are integrable.

It turns out that the above-mentioned class of surfaces which admits a geodesic embedding
of Bertrand curves was studied in detail by Amilcare Razzaboni who was an assistant to
Dini and a member of the Academy of Science of Bologna. In fact, in 1903, Razzaboni[14]
derived a Bäcklund transformation for this class of surfaces and set down a coupled Riccati
system which, in modern terminology, is nothing but a Lax pair for the underlying nonlinear
Gauß–Mainardi–Codazzi equations. As Razzaboni noted, the latter may be cast into the form
of a single nonlinear equation of fourth order. In connection with geodesic curves of constant
curvature or torsion, Razzaboni even refers to earlier work[15] published in 1898 on what
we may now call Razzaboni surfaces and also mentions a paper by Fibbi[16] which deals
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with the constant torsion case. Thus, it is evident that the reduced Maxwell–Bloch system
and the (extended) Dym equation are implicitly contained in work of the nineteenth century.

The purpose of the present paper is twofold. On the one hand, it appears that Razzaboni’s
publications are little known and it is therefore desirable to make them accessible to a
wider community. On the other hand, against the background of modern soliton theory,
novel interesting results have emerged. Thus, we begin with a review of the notion of
Bertrand curves and their offset curves. We then give the definition of Razzaboni surfaces
and show that there exist dual parallel Razzaboni surfaces which constitute the surface
analogues of the classical Bertrand mates. This ‘duality’ transformation seems to have
escaped Razzaboni’s attention. Moreover, we demonstrate that the natural geodesic coordi-
nate systems parametrizing the geodesic Bertrand curves and their orthogonal trajectories
on Razzaboni surfaces and their mates are related by a reciprocal transformation which
induces an invariance of the Gauß–Mainardi–Codazzi equations. Reciprocal transforma-
tions have a long history. Accounts of reciprocal transformations and their application in
continuum mechanics may be found in[17,18]. They also play an important role in the
classification of so-called systems of hydrodynamic type[19–22].

In Section 4, we recall Razzaboni’s Bäcklund transformation for Bertrand curves[23]
which generalizes a result due to Demartres[24]. The Razzaboni transformation constitutes
an extension to Bertrand curves of standard Bäcklund transformations for curves of constant
curvature or torsion. The Bäcklund transformation for Razzaboni surfaces[14] is then pres-
ented. Razzaboni’s transformation is formulated in terms of a Frobenius system for a pseud-
opotentialφ and an arbitrary parameterk. This system is equivalent to a linear matrix system
which constitutes a linear representation in the sense of soliton theory. InSection 5, we es-
tablish that this linear system, in which the Bäcklund parameterk plays the role of a ‘spectral
parameter’, encapsulates the complete class of Razzaboni surfaces via the Sym–Tafel for-
mula[25]. The latter is an important tool in the geometric study of integrable systems.

In the remainder ofSection 4, we verify Razzaboni’s Bäcklund transformation by con-
structing the natural geodesic coordinate system on the transformΣ ′ of a Razzaboni surface
Σ . It turns out that the exact one-form which defines arc length of the Bertrand curves on
Σ ′ may be integrated explicitly in terms ofφ. Thus, in order to determine the associated
geodesic coordinate system onΣ ′ no further integration is required. Moreover, an analogous
statement may be made in the case of the Razzaboni mateΣ∗. This observation then leads
to the result that the Razzaboni and duality transformations commute. It is also recorded that
the duality transformation may be recovered from the Razzaboni transformation in a formal
limit. A similar limit gives rise to a novel Bäcklund transformation for Razzaboni surfaces
for which the binormals to the Bertrand curves and their transforms are pointwise orthogo-
nal. Finally, Razzaboni’s quantity which obeys the above-mentioned fourth-order equation
and in terms of which the fundamental forms of Razzaboni surfaces may be expressed is
shown to be an invariant of the Razzaboni and duality transformations.

2. Bertrand curves

In the present paper, we are concerned with curves and surfaces in Euclidean spaceR
3.

If a curveΓ : r = r(s) is parametrized in terms of arc length then the orthonormal triad



W.K. Schief / Journal of Geometry and Physics 45 (2003) 130–150 133

(t,n, b) consisting of the unit tangent vectort = rs , the principal normaln and the binormal
b varies alongΓ according to the Serret–Frenet equations[26]:


t

n

b



s

=




0 κ 0

−κ 0 τ

0 −τ 0






t

n

b


 , (2.1)

where the quantitiesκ andτ denote the curvature and torsion of the curve, respectively. An
offset curveΓ ∗ along the principal normal is defined by

r∗ = r + αn, (2.2)

whereα constitutes a prescribed function ofs. If one demands that the parent curveΓ and
its offset curveΓ ∗ occur on an equal footing then the principal normals toΓ andΓ ∗ must
coincide, i.e.:

n∗ = n. (2.3)

This imposes constraints on the parent curve and the ‘distance’ functionα. Thus, differen-
tiation of (2.2)yields

r∗
s = (1 − ακ)t + αsn + ατb, (2.4)

which, by virtue ofr∗
s · n∗ = 0, has the important implication that the offset curve is at a

constant distanceα from the parent curve, i.e.αs = 0. The unit tangent vectort∗ is therefore
given by

t∗ = (1 − ακ)t + ατb
D

, D =
√
(1 − ακ)2 + α2τ2. (2.5)

Further differentiation produces

t∗
s =

(
1 − ακ
D

)
s

t + (1 − ακ)κ − ατ2

D
n +

(ατ
D

)
s
b. (2.6)

The t- andb-components of the above are required to vanish sincet∗
s ‖n∗. It is readily

verified that this requirement leads to the curvature–torsion relation:

ακ + βτ = 1, (2.7)

whereβ constitutes a constant of integration. Curves for which there exist constantsα and
β such that(2.7) holds are known as Bertrand curves[10,11]. Accordingly, the following
classical theorem holds.

Theorem 1 (The offset property of Bertrand curves).A curveΓ admits an offset curveΓ ∗
which has the same principal normal as the parent curve if and only ifΓ is a Bertrand
curve, i.e.:

ακ + βτ = 1 (2.8)
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for some constantsα andβ. The offset curveΓ ∗ and its orthonormal triad(t∗,n∗, b∗) are
related toΓ by

r∗ = r + αn, t∗ = βt + αb√
α2 + β2

, n∗ = n, b∗ = βb − αt√
α2 + β2

. (2.9)

The curvature, torsion and arc length of the offset curve are given by

κ∗ = βκ − ατ
(α2 + β2)τ

, τ ∗ = 1

(α2 + β2)τ
, ds∗ =

√
α2 + β2τ ds (2.10)

so that the relation

α∗κ∗ + β∗τ ∗ = 1, α∗ = −α, β∗ = β (2.11)

shows that the offset curve constitutes another Bertrand curve.

Proof. The orthonormal frame(2.9)2,3,4 is obtained from(2.5) andb∗ = t∗ × n∗. The
relationst∗

s∗ · n∗ = κ∗ and b∗
s∗ · n∗ = −τ ∗ provide the expressions(2.10)1,2 for the

curvature and torsion of the offset curve with|ds∗/ds| = |r∗
s | as given by(2.10)3. �

To summarize, a Bertrand curve admits an offset curve at a constant distanceα along its
principal normal. The offset curve of a Bertrand curve is sometimes called conjugate curve
or Bertrand mate. Due to the fact that a Bertrand curve is an offset at a distance−α from
its own offset curve, a Bertrand curve and its mate may be regarded as dual to each other.
The simplest Bertrand curves and their duals are given by helices.

3. The binormal motion of Bertrand curves. Geodesic Bertrand curves on surfaces

3.1. Razzaboni surfaces

It is well known that a curveΓ constitutes a geodesic on a surfaceΣ if and only if the
principal normal of the curve is (anti-)parallel to the normalN to the surface[26]. This
implies that if a surfaceΣ is spanned by a one-parameter family of geodesic Bertrand
curvesΓ (b) with the same parametersα andβ then the Bertrand matesΓ ∗(b) form a
parallel surfaceΣ∗ on which they are likewise geodesics.

Definition 1 (Razzaboni surfaces). A surfaceΣ is termed a Razzaboni surface if it is
spanned by a one-parameter family of geodesic Bertrand curves associated with two con-
stantsα andβ.

Theorem 2 (Dual Razzaboni surfaces).Any Razzaboni surfaceΣ with position vectorr
admits a parallel(dual) Razzaboni surfaceΣ∗ with position vector

(R) r∗ = r + αn. (3.1)

In the caseα = 0, the two Razzaboni surfaces coincide.
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In fact, it is evident that if one demands that a one-parameter family of geodesics on a
surfaceΣ be mapped to geodesics on an offset surfaceΣ∗ : r∗ = r + fN with N∗ = N

then, in the generic case, the two surfaces are necessarily parallel and the geodesics constitute
Bertrand curves.1 Accordingly, there exists a complete analogy between classical Bertrand
curves and Razzaboni surfaces.

The caseα = 0 corresponds to surfaces on which there exists a one-parameter family
of geodesics of constant torsion. It has been demonstrated in[7] that such surfaces are
governed by an integrable extended sine-Gordon system which constitutes a variant of the
reduced Maxwell–Bloch equations[8]. Surfaces on which there exists a one-parameter
family of geodesics of constant curvature are likewise integrable[7]. The underlying
Gauß–Mainardi–Codazzi equations have been shown to reduce to an extended Dym equa-
tion which admits a reciprocal invariance. In fact, it emerges that the relation(2.10)3, which
links the arc lengths of a Bertrand curve and its conjugate, represents the ‘spatial part’ of
a reciprocal transformation which exists for the Gauß–Mainardi–Codazzi equations of the
entire class of Razzaboni surfaces. The reciprocal transformation for the extended Dym
equation is retrieved in the particular caseβ = 0.

3.2. The governing equations

If one chooses a one-parameter family of geodesics and their orthogonal trajectories as
the coordinate lines on a surfaceΣ then, in terms of the associated geodesic coordinatess

andb, the first fundamental form of the surface reads[26]

dr2 = ds2 + g2 db2. (3.2)

Here, the linesb = constant are the arc length parametrized geodesics and the liness =
constant form the orthogonal parallels. Sincers · rb = 0 and the principal normaln of the
geodesics is orthogonal to the surface, the tangent vectors to the coordinate lines are given
by

rs = t, rb = gb, (3.3)

whereb denotes the usual binormal of the geodesics. One may therefore think of the surface
Σ as being generated by the motion of an inextensible curve which moves in binormal
direction at speedg, wherein the coordinateb is identified with ‘time’. In particular, a
Razzaboni surface is generated by the binormal motion of a Bertrand curve which does
not change the constantsα andβ. Here, it is emphasized that binormal motions are only
possible for inextensible curves, i.e. binormal motions automatically preserve arc length.

The variation of the orthonormal triad(t,n, b) in s-direction is given by the Serret–Frenet
equations (2.1). Theb-dependence must be of the general form


t

n

b



b

=




0 u w

−u 0 v

−w −v 0






t

n

b


 . (3.4)

1 Under the assumption that the two surfaces are parallel, this has been observed independently in[27].
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The compatibility conditionrsb = rbs applied to(3.3)yields

un + wb = −τgn + gsb (3.5)

leading to theb-evolution


t

n

b



b

=




0 −τg gs

τg 0 v

−gs −v 0






t

n

b


 . (3.6)

The latter is compatible with the Serret–Frenetequations (2.1)if and only if κ, τ, g andv
constitute a solution of the underdetermined system:

κb = −2τgs − τsg, τb = vs + κgs, gss = τ2g + κv. (3.7)

The above system may be regarded as the Gauß–Mainardi–Codazzi equations for generic
surfaces parametrized in terms of geodesic coordinates. For a given solution of this system,
the linear system(2.1), (3.3) and (3.6)is compatible and determines a surfaceΣ up to its
position in space. If, in addition, the constraint

ακ + βτ = 1 (3.8)

is imposed then the system is well determined and the surfaceΣ is guaranteed to be a
Razzaboni surface.

In the caseα = 0, which corresponds to geodesics of constant torsion, we may set
β = τ = 1 without loss of generality and obtain

κb = −2gs, vs + κgs = 0, gss = g + κv. (3.9)

This integrable system may be regarded as an extension of the classical sine-Gordon equation
[7]:

ωsb = sinω (3.10)

and also constitutes a variant of the reduced Maxwell–Bloch equations[8]. A single equation
is obtained by means of the parametrizationκ = θs , g = −θb/2, namely(

θbss− θb
θs

)
s

+ θsθbs = 0. (3.11)

If β = 0, corresponding to geodesics of constant curvature, thenα = κ = 1 without loss
of generality and we may setg = τ−1/2. The governing system reduces to the integrable
evolution equation[7]:

τb =
[(

1

τ1/2

)
ss

− τ3/2 + 1

τ1/2

]
s

, (3.12)

which represents an extension of the well-known Dym equation

τb =
(

1

τ1/2

)
sss
. (3.13)

It is noted that the extended Dym equation is generated by the purely binormal motion of
an inextensible curve moving at speedτ−1/2.
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3.3. Dual Razzaboni surfaces. A reciprocal transformation

It is evident that the transition from Razzaboni surfaces to their duals induces an invariance
of the governingequations (3.7) and (3.8). It turns out that the geodesic coordinates(s, b)
on Σ are related to the associated geodesic coordinates(s∗, b∗) on Σ∗ by a reciprocal
transformation. Thus, the following theorem, which constitutes an extension of the second
part of the classicalTheorem 1, is obtained.

Theorem 3 (A reciprocal transformation).The nonlinear systems(3.7) and (3.8) are
invariant under the reciprocal transformation

ds∗ =
√
α2 + β2τ ds + α√

α2 + β2
(αv + βτg + g)db, db∗ = db,

κ∗ = βκ − ατ
(α2 + β2)τ

, τ ∗ = 1

(α2 + β2)τ
, α∗ = −α,

β∗ = β, g∗ = β(αv + g)− α2τg√
α2 + β2

,

v∗ = 1√
α2 + β2

[
βv − ατg − α

(α2 + β2)τ
(αv + βτg + g)

]
. (3.14)

Proof. It is readily verified that the differentials ds∗ and db∗ defined by(3.14)1,2 are exact
modulo(3.7) and (3.8). This guarantees the existence of the coordinatess∗ andb∗ and hence
the corresponding derivatives read

∂s∗ = 1√
α2 + β2τ

∂s, ∂b∗ = ∂b − α

(α2 + β2)τ
(αv + βτg + g)∂s. (3.15)

Differentiation of the dual position vector(3.1) then shows that

r∗
s∗ = t∗, r∗

b∗ = g∗b∗, (3.16)

wheret∗ andb∗ as given by(2.9)2,4 constitute the unit tangent and binormal to the Bertrand
curves onΣ∗. Accordingly,s∗ represents arc length of the Bertrand curves onΣ∗ andb∗
parametrizes their orthogonal trajectories. The remaining quantityv∗ = n∗

b∗ · b∗ is readily
calculated to be(3.14)8. �

In the caseβ 
= 0, the reciprocal character of the above invariance encoded in∗∗ = id is
illustrated by the compact relations(

g∗

h∗

)
= S

(
g

h

)
, S∗S = 1, (3.17)

where the constant matrixS is given by

S =
√
α2 + β2

β




1
αβ2

α2 + β2

α

β2
1


 (3.18)
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and

h = v − α

β

(
τ + 1

β

)
g. (3.19)

It is also interesting to note that in the case of surfaces which are spanned by a one-parameter
family of geodesic ‘generalized helices’ (α, β → ∞, κ/τ = constant), the analogue
of the above reciprocal transformation linearizes the associated Gauß–Mainardi–Codazzi
equations.

4. A linear representation and a Bäcklund transformation

In the derivation of a Bäcklund transformation for Razzaboni surfaces[14], Razzaboni
made use of the results of an earlier paper[23] in which he had generalized a Bäcklund
transformation for Bertrand curves due to Demartres[24]. Here, we first present the classical
theorems set down by Razzaboni and then derive further properties related to the dual
Razzaboni surfaces and reciprocal transformation discussed in the preceding. We essentially
adopt Razzaboni’s notation so that, in particular, the relation between the curvature and
torsion of the Bertrand curves is taken to be

κ sinσ + τ cosσ = 1

a
, a > 0, (4.1)

i.e.:

α = a sinσ, β = a cosσ. (4.2)

4.1. Classical results

We begin with Razzaboni’s Bäcklund transformation for Bertrand curves.

Theorem 4 (A Bäcklund transformation for Bertrand curves[23]). LetΓ : r = r(s) be a
Bertrand curve parametrized in terms of arc length s. Then, the position vector of another
one-parameter family2 of Bertrand curvesΓ ′(k) is given by

(B) r ′ = r + a cosk( cosσ sinφ t + cosφ n + sinσ sinφ b) (4.3)

witha′ = a,σ ′ = σ ,where the functionφ is a solution of the first-order differential equation

φs = κ cosσ − τ sinσ + sinσ − cosk cosφ

a( cosσ + sink)
. (4.4)

The Bäcklund transformation obeys the constant length property, i.e. the distance|r ′ −r| =
a| cosk| between corresponding points onΓ and Γ ′(k) only depends on the Bäcklund
parameter k.

2 Strictly speaking,Γ ′ depends onk and a constant of integration.
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It is observed in passing that the above Bäcklund transformation is not defined fork =
−π/2 ± σ . However, in the limit, we formally obtain|r ′ − r| = a| sinσ | = |α| which is
precisely the distance between the original Bertrand curve and its dual. This constitutes a
first indication that Bertrand mates may be regarded as particular Bäcklund transforms of
their parent Bertrand curves. The surface analogue of the above theorem is the following
theorem.

Theorem 5 (A Bäcklund transformation for Razzaboni surfaces[14]). LetΣ : r = r(s, b)

be a Razzaboni surface parametrized in terms of geodesic coordinatess, b. Then, the posi-
tion vector of another one-parameter family of Razzaboni surfacesΣ ′(k) is given by(4.3),
where the functionφ is a solution of the compatible Frobenius system(4.4)and

φb = − sink sinσ + cosk cosσ cosφ

sink
v − sink cosσ − cosk sinσ cosφ

sink
τg

− cotk sinφgs − 1 + sink cosσ − cosk sinσ cosφ

a sink( cosσ + sink)
g. (4.5)

It is readily verified that the position vectorr ′ and the Frobenius systems(4.4) and (4.5)
are invariant under(k, φ) → (π − k, φ + π). Accordingly, modulo this invariance, the
Bäcklund transformation for Razzaboni surfaces exhibits the afore-mentioned ‘singularity’
at k = σ − π/2 and is likewise undefined fork = 0 corresponding to|r ′ − r| = a. In the
latter case, it will be shown that consideration of the formal limitk → 0 leads to a Bäcklund
transformΣ ′(0) which is given explicitly in terms ofΣ .

The Frobenius systems(4.4) and (4.5)are of the form

φs = f1 cosφ + f2, φb = g1 cosφ + g2 + g3 sinφ (4.6)

and is therefore equivalent to a pair of compatible Riccati equations. This implies, in turn,
that it is linearizable. Indeed, its general solution is given by

φ = 2 arctan
φ1

φ2
, (4.7)

whereΦ = (φ1, φ2)T obeys the linear system

Φs = (f1X1 + f2X2)Φ, Φb = (g1X1 + g2X2 + g3X3)Φ (4.8)

with the generators

X1 = 1

2

(
0 1

1 0

)
, X2 = 1

2

(
0 1

−1 0

)
, X3 = 1

2

(
1 0

0 −1

)
(4.9)

of the sl(2) Lie algebra. By construction, the linear system(4.8) is compatible modulo the
nonlinear Razzaboni system, i.e. the Gauß–Mainardi–Codazziequations (3.7) and (3.8). In
the terminology of soliton theory, it constitutes a Lax pair for the Razzaboni system with
k playing the role of the ‘spectral’ parameter. InSection 5, it is established that this Lax
pair not only encapsulates the Razzaboni system via compatibility but also encodes the
Razzaboni surfaces themselves via the Sym–Tafel formula[25].
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4.2. A proof of Razzaboni’s theorems. Novel results

For the proof of Razzaboni’s theorems, it is required to show that the curvatureκ ′ and
torsion τ ′ of the curvesΓ ′ as defined by(4.3) and (4.4)are indeed related by a linear
equation of the form(4.1) and that these curves form geodesics on the surfacesΣ ′. The
latter condition is equivalent to demanding that

r ′
b · n′ = 0, (4.10)

which leads to the companion equation(4.5) as shown by Razzaboni. Here, we choose a
different route and construct a geodesic coordinate system(s′, b′) onΣ ′ which is such that
the curvesΓ ′ are given byb′ = constant.

4.2.1. Curvature and torsion
Differentiation of the position vectorr ′ as given by(4.3)yields

r ′
s = f t ′, f = 1 + sink cosσ − cosk sinσ cosφ

cosσ + sink
, (4.11)

where the unit tangentt ′ to Γ ′ is given by

t ′ = cosσ + sink − cosk cosφ( sink sinσ + cosk cosσ cosφ)

1 + sink cosσ − cosk sinσ cosφ
t

+ cosk sinφ( cosk cosφ − sinσ)

1 + sink cosσ − cosk sinσ cosφ
n + cosk cosφ b. (4.12)

Further differentiation yields3

t ′
s = f κ ′n′, κ ′ = 1

a sinσ
− cotσ

τ

f 2
, (4.13)

where the principal normaln′ reads

n′ = cosk sinφ( sink sinσ + cosk cosσ cosφ)

1 + sink cosσ − cosk sinσ cosφ
t

+ cosk cosφ( cosk cosφ − sinσ)+ sink( cosσ + sink)

1 + sink cosσ − cosk sinσ cosφ
n

− cosk sinφ b. (4.14)

It is noted that forσ = 0, i.e.τ = 1/a, the above expression forκ ′ is still valid. In fact, in
this case, it simplifies to

κ ′ = κ + 2
sink − 1

a cosk
cosφ (σ = 0). (4.15)

3 In Section 4, extensive use of the computer algebra programmaple has been made. Razzaboni’s lengthy
calculations which were carried out be hand have thereby been verified.
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In order to derive the torsionτ ′, it is convenient to make use of the binormalb′ = t ′ × n′
given by

b′ = cosk( cosk sinσ − sink cosσ cosφ − cosφ)

1 + sink cosσ − cosk sinσ cosφ
t

+ cosk sinφ( cosσ + sink)

1 + sink cosσ − cosk sinσ cosφ
n + sink b, (4.16)

whence

b′
s = −f τ ′n′, τ ′ = τ

f 2
. (4.17)

Combination of(4.13)2 and(4.17)2 yields

κ ′ sinσ + τ ′ cosσ = 1

a
(4.18)

so that the curvesΓ ′ indeed constitute a family of Bertrand curves witha andσ unchanged.
An important consequence of the preceding which may be regarded as an analogue of

a well-known property associated with the classical Bäcklund transformation for pseudo-
spherical surfaces[26,28] is stated below.

Corollary 1. The angle between the binormalsb and b′ of Bertrand curves and their
Bäcklund transforms is constant, viz.:

b′ · b = sink. (4.19)

4.2.2. Geodesic coordinates
The relation(4.11)implies that

s′s = f = aτ + a sinσφs, (4.20)

wheres′ denotes arc length of the Bertrand curvesΓ ′. On the other hand, from(2.10)3, we
deduce that

s∗s = aτ = 1 − a sinσφs |k=π/2 (4.21)

so that the arc lengths of the Bäcklund transformΓ ′ and the Bertrand mateΓ ∗ may be
expressed in terms of the arc lengths of Γ and the functionφ. Moreover, ifs∗′

denotes arc
length of the Bertrand curves on the mateΣ∗′

of the Razzaboni transformΣ ′ then

s′∗s = s′∗s′ s
′
s = aτ ′f = aτ

f
= 1 − a sinσ

f
φs = 1 − a sinσφ∗

s , (4.22)

where the functionφ∗ is defined by

φ∗ =
∫

1

f
dφ = 2 arctan

(
1 + sin(k + σ)

cosσ + sink
tan

φ

2

)
. (4.23)

Thus, the following theorem is suggested and indeed holds.
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Theorem 6 (Geodesic coordinate systems on Razzaboni transforms and Razzaboni mates).
The pairs(s′, b′), (s∗, b∗) and(s′∗, b′∗) defined by

s′ = s∗ + a sinσφ, b′ = b,

s∗ = s − a sinσφ|k=π/2, b∗ = b,

s∗
′ = s − a sinσφ∗, b′∗ = b, (4.24)

whereφ∗ is defined as in(4.23), constitute geodesic coordinates on the Razzaboni transform
Σ ′, the Razzaboni mateΣ∗ and the mateΣ ′∗ of the Razzaboni transformΣ ′, respectively.

Proof. The above theorem which, in conjunction withTheorem 4, impliesTheorem 5is
proven by direct verification. In the case of the dual Razzaboni surface, it is readily verified
that ds∗ coincides with the expression provided by(3.14)1. Moreover, it has already been
demonstrated thatr ′

s′ = t ′. Hence, in connection with the Razzaboni transformΣ ′, it
remains to show that

r ′
b′ = g′b′ (4.25)

for some functiong′. It turns out thatr ′
b′ is indeed parallel tob′ with

g′ = g

sink
+ a cotk cosσ( sinφgs + cosσ cosφh), (4.26)

where the functionh is defined by(3.19). It is emphasized that even thoughh is singular at
σ = π/2, the quantityg′ is well defined for all values ofσ . Finally, it is required to verify
thatr ′∗

b′∗ is parallel tob′∗, where the position vector of the surfaceΣ ′∗ is given by

r ′∗ = r ′ + a sinσn′ (4.27)

and the associated frame reads (cf.(2.9))

t ′∗ = cosσ t ′ + sinσb′, n′∗ = n′, b′∗ = − sinσ t ′ + cosσb′. (4.28)

A straightforward computation shows that this is indeed the case. �

4.2.3. A commutativity theorem
It turns out thatφ∗ represents a solution of the Frobenius systems(4.4) and (4.5)associated

with the Razzaboni mateΣ∗. Accordingly, application ofTheorem 6to the surfaceΣ∗
produces

s∗
′ = s∗∗ + a sinσ ∗φ∗ = s − a sinσφ∗ = s′∗. (4.29)

In fact, a short calculation reveals that the surfacesΣ ′∗ andΣ∗′
defined by(4.27)and

r∗′ = r∗ + a cosk( cosσ sinφ∗t∗ + cosφ∗n∗ − sinσ sinφ∗b∗), (4.30)

respectively, coincide. This is summarized in the following statement.

Theorem 7 (A commutation property).The operationsB andR commute, i.e.:

B ◦R = R ◦ B (4.31)

provided that the associated functionsφ andφ∗ are related by(4.23).
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4.2.4. An invariance of the Razzaboni system
Razzaboni’s transformationB induces an invariance of the Razzaboni system(3.7) and

(3.8). We have already established howB acts on the variablesκ, τ, g ands, b. In principal,
the remaining quantityv′ may be calculated fromv′ = n′

b′ · b′. However, the expression
so obtained appears to be of formidable complexity except whenσ = 0, in which case it
reduces to

v′ =
(

sin2φ + cos2φ

sink

)
v + cotk

a
cosφ g +

(
1

sink
− 1

)
sinφ cosφ gs. (4.32)

An alternative route to the derivation ofv′ makes use of the commutativity theorem. Thus,
the latter implies that the relation between the variablesg′, h′ andg∗′

, h∗′
is given by the

starred version of(3.17) and (3.18). In particular, the relation

g∗′ = g′

cosσ
+ a sinσ cosσh′ (4.33)

obtains. Insertion ofh′ as given by the primed version of(3.19), i.e.:

h′ = v′ − tanσ

(
τ ′ + 1

a cosσ

)
g′, (4.34)

therefore, leads to

v′ = g∗′

a sinσ cosσ
+
(

tanστ ′ − 1

a sinσ

)
g′, (4.35)

whereg′ andg∗′
are given by(4.26)and its starred analogue, respectively. Once again, it is

noted that the above expression forv′ is also valid forσ = π/2. Hence, we may conclude
this section with the following corollary.

Corollary 2 (An invariance of the Razzaboni system).The Razzaboni system(3.7) and
(3.8) is invariant under the transformation(κ, τ, g, v, s, b) → (κ ′, τ ′, g′, v′, s′, b′), where
the primed variables are given by(4.13)2, (4.17)2, (4.24)1,2, (4.26) and (4.35)(or (4.32))
with a′ = a, σ ′ = σ .

4.2.5. A scalar invariant
Razzaboni noticed that for non-vanishingα andβ the Gauß–Mainardi–Codazzi equations

may be written as a single equation for a potentialθ defined by

dθ = β
√
τ ds + α√

τg db (4.36)

and associated with the ‘conservation law’

(β
√
τ)b = (α

√
τg)s . (4.37)

Indeed, the conservation law may be used to expressτ andg in terms ofθ , while (3.7)3
serves as a definition ofv. The remaining equation(3.7)2 then constitutes a fourth-order
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equation forθ . In the case of the extended Dym equation(3.12)corresponding toβ = 0,
the analogue of the above exact one-form reads

dθ = √
τ ds + 1

2

[
1√
τ

(
1√
τ

)
ss

− 1

2

(
1√
τ

)2

s

− 3

2
τ + 1

2τ

]
db (4.38)

so that the extended Dym equation assumes the form

θb = −{θ; s}
2θ2
s

− 3

4
θ2
s + 1

4θ2
s

(4.39)

with the Schwarzian derivative

{θ; s} = θsss

θs
− 3

2

(
θss

θs

)2

. (4.40)

In [7], it has been shown that ifθ andt = −b/2 are taken as the independent variables then
s becomes a potential obeying

ds = eq dθ + [eq(qθθ − 1
2q

2
θ )− 3

2 e−q + 1
2 e3q ] dt, (4.41)

whereτ = e−2q , and the associated compatibility condition produces the modified modified
Korteweg-de Vries (m2KdV) equation[29,30]

qt = qθθθ − 1
2q

3
θ + 3qθ cosh 2q. (4.42)

Moreover, it has been demonstrated that the coordinatesθ and t are preserved by (what
now turns out to be a particular case of) the Razzaboni transformationB and the reciprocal
transformationR. Thus,θ regarded as a function of the geodesic coordinatess andb is an
invariant of these transformations. In fact, this property exists in the following general case.

Theorem 8 (A scalar invariant).The potentialθ defined by the exact one-form(4.36) is
preserved by the transformationsB andR.

The above theorem may be verified directly by merely using the expressions for the
transformed quantities obtained in the preceding sections. In the case of the duality trans-
formationR, it is required to show that

dθ∗ = β∗√τ ∗ ds∗ + α∗√τ ∗g∗ db∗ = dθ. (4.43)

In connection with Razzaboni’s transformationB, it is convenient to be aware of the relation

g′ = s′sg − cotσs′b, (4.44)

which readily delivers the identity

dθ ′ = β
√
τ ′ ds′ + α

√
τ ′g′ db′ = dθ. (4.45)

Whether the invariantθ is of any geometric significance is currently under investigation.
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4.3. The singular casesk = σ − π/2 andk = 0

Razzaboni’s Bäcklund transformationB is not defined fork = σ − π/2 andk = 0
since the Frobenius systems(4.4) and (4.5)is singular at these points. However, if formal
limits are taken then the duality transformationR may be recovered fromB in the case
k = σ − π/2 and a novel Bäcklund transformation for Razzaboni surfaces may be defined
explicitly in the casek = 0 corresponding to orthogonal binormalsb andb′. The validity of
the latter transformation may be verified directly without referring to the limit. A rigorous
treatment of both limiting procedures will be presented elsewhere.

4.3.1. The casek = σ − π/2
Careful inspection of(4.4)shows that, in the casek → σ − π/2, it is appropriate to set

k = σ − 1
2π + ε2. (4.46)

If we indicate the dependence ofφ on ε by φ(ε) and use the notation

φ0 = φ(0), φ1 = φε(0) (4.47)

then, in the formal limitε → 0, (4.4) reduces to

0 = φ2
1

2a
− τ

sinσ
(4.48)

provided that

φ0 = 0. (4.49)

It turns out that these conditions onφ0 andφ1 are consistent with the companion equation
(4.5). Moreover, asε → 0, the transformation laws(4.3), (4.12), (4.14) and (4.16)become

r ′ = r∗, t ′ = t∗, n′ = −n∗, b′ = −b∗, (4.50)

while, on use of(4.48), the curvature and torsion simplify to

κ ′ = −κ∗, τ ′ = τ ∗. (4.51)

Thus, up to a change of orientation of the principal normal and binormal corresponding to
α′ = α = −α∗, the duality transformationR is retrieved.

4.3.2. The casek = 0
According toCorollary 1, the angle between the binormalb and its Bäcklund transform

b′ is constant. Sinceb′ · b = sink, the binormals may even be orthogonal in the case of
Bertrand curves. However, the Bäcklund transformation for Razzaboni surfaces is a priori
undefined fork = 0. If we set

k = ε (4.52)

and use the same notation as in the preceding then a necessary condition for the existence
of a formal limit is that the numerator of the right-hand side of(4.5) vanishes asε → 0.
This implies that

a cosσgs sinφ0 + a cos2σh cosφ0 + g = 0. (4.53)
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Here, we exclude the casesσ = ±π/2 which are covered by the preceding section. The
above condition may only be satisfied if

a2 cos2σg2
s + a2 cos4σh2 − g2 = c2 ≥ 0 (4.54)

in which case its solution is given by

sinφ0 = −a cosσ(c cosσh+ ggs)

c2 + g2
, cosφ0 = a cosσ(cgs − cosσgh)

c2 + g2
. (4.55)

Differentiation with respect tos shows that(4.54)constitutes a first integral of the Razzaboni
system(3.7) and (3.8)with

c = c(b) (4.56)

and, remarkably,φ0 as defined by(4.55)is indeed a particular solution of thes-evolution
(4.4) for ε = 0.

In the formal limitε → 0, theb-evolution(4.5) is readily shown to reduce to

φ0b = − cφ1

a cosσ
− τg

cosσ
− c tanσggs + c2 sinσh

c2 + g2
, (4.57)

while the expression(4.26)for g′ becomes

g′ = cφ1. (4.58)

One may now directly verify that

r ′
b′ = g′b′, (4.59)

wherer ′, b′ are evaluated atε = 0 andφ = φ0. Thus, the following theorem has been
established.

Theorem 9 (A Bäcklund transformation with the propertyb′ · b = 0). If Σ constitutes
a Razzaboni surface with associated first integral(4.54)c2>0 then the position vector of
another Razzaboni surfaceΣ ′ is explicitly given by

r ′ = r + a( cosσ sinφ0t + cosφ0n + sinσ sinφ0b), (4.60)

whereφ0 is defined by(4.55). At corresponding points, the binormalsb andb′ are orthog-
onal. The metric onΣ ′ takes the form

dr ′2 = ds′2 + c2φ2
1 db′2 (4.61)

with the quantityφ1 defined by(4.57).

In the particular caseσ = 0 associated with the generalized sine-Gordon system(3.9),
the above theorem has been formulated earlier in[7]. We observe in passing that the angle
between the normals to a pseudospherical surface and its classical Bäcklund transform
[26,28]is likewise constant and may be chosen arbitrarily. In the case of orthogonal normals,
Bianchi’s classical transformation[31] is retrieved. However, Bianchi’s transformation is
not given explicitly and depends on a constant of integration.
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5. Application of the Sym–Tafel formula

In Section 4.1, it has been pointed out that Razzaboni’s Frobenius systems(4.4) and
(4.5)are equivalent to the linear system(4.8). We may now set aside the origin of the latter
and consider linear systems of the same form but regardΦ as a (complex) matrix-valued
‘eigenfunction’ satisfying

Φs = F(k)Φ = (f1X1 + f2X2)Φ, Φb = G(k)Φ = (g1X1 + g2X2 + g3X3)Φ

(5.1)

with the coefficients

f1 = − cosk

a( cosσ + sink)
, f2 = κ cosσ − τ sinσ + sinσ

a( cosσ + sink)
,

g1 = cotk

(
− cosσv + sinστg + sinσ

a( cosσ + sink)
g

)
,

g2 = − sinσv − cosστg − 1 + sink cosσ

a sink( cosσ + sink)
g, g3 = − cotkgs (5.2)

and the sl(2) matrices

X1 = 1

2

(
0 1

1 0

)
, X2 = 1

2

(
0 1

−1 0

)
, X3 = 1

2

(
1 0

0 −1

)
. (5.3)

Here, we have indicated the dependence on the (complex) parameterk by F = F(k) and
G = G(k). By construction, this linear system encapsulates via compatibility the nonlinear
Razzaboni system(3.7) and (3.8). Since the latter constitutes the Gauß–Mainardi–Codazzi
equations for Razzaboni surfaces which, in turn, guarantee the compatibility of the linear
Gauß–Weingarten equations for the position vectorr, it is natural to enquire as to whether
the Razzaboni surfaces themselves are encoded in the Lax pair(5.1).

We begin with the observation that the specification

k = 2 arctan(iaλ)− 1
2π, (5.4)

whereλ constitutes a real parameter, results in real coefficientsf2, g2 and purely imaginary
coefficientsf1, g1, g3. Thus, the matricesF andG are now elements of the Lie algebra
su(2) since

F† = −F, G† = −G (5.5)

andΦ may be taken to be in the associated Lie group SU(2) obeying

Φ†Φ = 1, detΦ = 1. (5.6)

At λ = 1/a, i.e.k → i∞, the Lax pair reduces to

Φs = (−τ ê1 − κê3)Φ, Φb = (−vê1 + gs ê2 + τgê3)Φ, (5.7)

where the matriceŝei are given by

ê1 = cosσe1 − sinσe2, ê2 = −e3, ê3 = sinσe1 + cosσe2 (5.8)
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with the standard generators

e1 = 1

2i

(
0 1

1 0

)
, e2 = 1

2i

(
0 −i

i 0

)
, e3 = 1

2i

(
1 0

0 −1

)
(5.9)

of su(2). Both sets of matricesei andêi satisfy the so(3) commutator relations

[ei, ek] = εlikel. (5.10)

Moreover, the Gauß–Weingartenequations (2.1) and (3.6)may be cast precisely into the
form (5.7) with the substitutionsΦ → (t,n, b)T and êi → li , where the generatorsli of
the Lie algebra so(3) are defined by

l1 =




0 0 0

0 0 −1

0 1 0


 , l2 =




0 0 1

0 0 0

−1 0 0


 , l3 =




0 −1 0

1 0 0

0 0 0


 (5.11)

and satisfy the commutator relation(5.10). Thus, the Lax pair(5.1) evaluated atλ = 1/a
is but an su(2) version of the Gauß–Weingarten equations for Razzaboni surfaces by virtue
of the su(2)–so(3) isomorphism̂ei ↔ li .

SinceΦ ∈ SU(2), the quantityΦ−1Φλ represents an element of su(2) and hence may be
decomposed according to

R = Φ−1Φλ = r · e, e =



e1

e2

e3


 . (5.12)

Thus, the matrix-valued functionR is naturally associated with a vector-valued function
r ∈ R

3 defined by(5.12)or equivalently

r = m(R, e), (5.13)

where the Killing–Cartan metric of su(2) is given by

m(p, q) = −2 Tr(pq), p, q ∈ su(2). (5.14)

It is noted that{e1, e2, e3} and{ê1, ê2, ê3} constitute orthonormal bases of su(2) with respect
tom, i.e.:

m(ei, ek) = δik. (5.15)

The relationR = Φ−1Φλ is commonly referred to as the ‘Sym–Tafel formula’ and has been
widely employed in connection with the geometric study of both continuous and discrete
integrable systems[1,25,32]. The key idea is to identify the Lie algebra su(2) withR

3 and
regardr as the position vector of a surfaceΣ ⊂ R

3 for any fixedλ.
In the current situation, it is by no means evident that the surfacesΣ defined by the

Sym–Tafel formula constitute Razzaboni surfaces for any choice ofλ. However, it turns
out that atλ = 1/a, Razzaboni surfaces are indeed retrieved. Thus, in the following, it is
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understood that all relevant quantities are evaluated atλ = 1/a. The tangent vectors to the
coordinate lines onΣ are readily obtained from the general relations

Rs = Φ−1FλΦ, Rb = Φ−1GλΦ, (5.16)

which imply that the associated fundamental forms are independent of the eigenfunctionΦ

and are entirely parametrized in terms of the matricesF andG. In the present context, the
su(2) analogues of the tangent vectors are given by

Rs = Φ−1ê1Φ, Rb = gΦ−1ê3Φ. (5.17)

Since the quantities

T = Φ−1ê1Φ, N = Φ−1ê2Φ, B = Φ−1ê3Φ (5.18)

form a right-handed orthonormal triad with respect to the metricm, it emerges that this
triad is nothing but an su(2) analogue of the(t,n, b)-frame associated with the curves
b = constant and the induced metric assumes the ‘geodesic’ form

dr2 = ds2 + g2 db2. (5.19)

Moreover, differentiation ofT andB produces

Ts = κN, Bs = −τN. (5.20)

Thus, we have established the important result that the position vector of any Razzaboni
surfaceΣ may be recovered and, in fact, constructed from the eigenfunctionΦ by means
of the Sym–Tafel formula(5.12)evaluated atλ = 1/a.
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